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Intermittent flow of a collection of rigid frictional disks in a vertical pipe
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We study the quasistatic flow of a collection of rigid frictional disks pushed upwegdinst the gravity
inside a narrow vertical pipe by a compliant mechanism. The contact dynamics method was used for the
numerical simulations in combination with a friction law at disk-disk and wall-disk contacts characterized by
discontinuous velocity weakening from a static threshold to a dynamic coefficient of friction. The material is
sheared by the rolling of particles at the walls inducing a convective motion in the bulk. We observe a
transition from constant flow to an intermittent flow when the driving velocity is reduced below a characteristic
velocity that scales as /2 with the stiffnessk of the pushing mechanism. The intermittent flow is composed
of alternating phases of creep motion, where the pressure at the bottom of the granular column rises nonlinearly
with time, and sudden slip, corresponding to a fast pressure drop. We show that the mean static pressure is
correctly predicted by the Janssen model. The interplay between friction mobilization at the walls and struc-
tural changes in the bulk gives rise to a broad distribution of slip amplitudes characterized by a power law with
an exponent=-1.7 that appears to be robust with respect to our system parameters.
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I. INTRODUCTION locity weakening friction is provided by simply assuming
different static and dynamic coefficients of friction for the

The slow continuous loading of a granular material leadsyaterial corresponding, respectively, to the resistance before
often to unstable failure with collective rearrangements that,, 4 after failure. This assumption leads tpexiodic “stick-

dissipate unevenly part of the potential energy stored in th‘%Iip” oscillation in the steady statd5]. In practice, due to
SYS‘e.”.‘- Slo_pe' failure IS a well-known example of such ranular disorder, some degree of randomness is observed in
transition. Similar behavior has been reported for a granulal . ci-es of successive loading-unloading evésits ampli-
packing slowly pushed by a solid obj€d1,2], a granular bed e “nressure drop, sticking time, energy release, avalanche
sheared by the motion of a plate on top off3t4], a granular size, etc

column pushed vertically from the bottom in a pifi6], a The distribution of event sizes is generally broad but is

powder sheared in an annular cgl, an array of cylinders often peaked on a rather well-defined value. The search for a

pusheddoré alplan[aBI]D,'f?nd gra\{ltgtloual flol\)/v arount_ﬂba sghd power-law distribution of event sizes in granular experiments
suspended plat]. Different origins have been attributed t0 js o oivated either by the observation of power laws in seis-

this unstable onset of granular motion: inertial effefd§], mic dynamics along fault§16] or as a realization of the
dilatancy_[ll], jamming—quamming t_ransition base_d on the popular concept of self-organized criticaliffL7]. Experi-
observation of force chainf?], arching and blocking en- ona| ohservation of power laws in avalanche sizes for piles
hancemgnt due to thg presence of the \{vﬁiﬂs Al these of elongated graingrice pileg suggests that event size dis-
mechanisms refer basically to the frustration of particle MOy, ions can be made increasingly broad by reducing iner-
tions induced by friction and rigidity of the particles that are | effects and increasing dissipation in particle interactions
possibly enhanced _by cpnfmmg walls. - [18,19. Very irregular stick-slip motion with a nearly power-
Unstable failure implies that granular frictiqharacter- o\ gistribution of energy release was observed also in the
izing the resistance of a granular material to sheaclines experiments by Kolket al. where a granular column com-

With_ failure in strong analog)_/ with sliding instability of solid posed ofhighly frictional beads was pushed upward inside a
bodies[12-14 where the friction force at the contact be- v, gimensional cel[5]. The grains, due to their weights,
tween two solid bOd.'?S IS a decreasmg functpn_of SIIdIngtend to form upward arches the&innotresist upward motion
velocity at low velocities. The most basic description of ve- o istrinute efficiently the extra pressure from the pushing

mechanism to the walls. As a result, the upward motion tends

to destabilize arches whereas wall friction is polarized down-

*Present address: Fysisk Institutt, Universitetet i Oslo, Postboksvard, i.e., against the upward motion. This suggests that the

1048 Blindern, N-0316 Oslo, Norway. main source of velocity weakening in these experiments is
Electronic address: ivar.bratberg@fys.uio.no likely to be at the contacts with the walls.
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FIG. 2. Friction law, relating the friction forc€ at a contact to
the sliding velocityv,, used in the simulations.

X

FIG. 1. Representation of the numerical setup.

of the contacting particles. At the onset of sliding, the fric-

In this paper, we study a similar setup by means of contadtion force drops discontinuously fronTs=+uN to Ty
dynamics simulations. The main idea of these simulations +ugN. It is easy to see that a single block drawn by a
was to keep the system in the steady state for a long time iapring at constant velocity on a plane governed by this fric-
order to obtain reliable statistics for the analysis of sliption law undergoes a stick-slip motion such that the friction
events. For an efficient shearing of the granular column wéorce T,, every time the block comes to rest, is given Ty
used a larger coefficient of friction for wall-particle than for =2T4—Ts and the block moves as an overdamped harmonic
particle-particle contacts. As a result the particles tendscillator during a slig8,15).
mostly to roll on the walls and they induce a convective We implemented the above friction law in the framework
motion in the bulk. We observe an intermittent flow only of a contact dynamics algorithfi20—22. For our purpose in
when the contacts are governed by a velocity weakening fricthe present study, where both efficiendgng time simula-
tion law and when the driving velocity is below a character-tions with various parameterand accuracybecause friction
istic velocity. We compare the mean force with the predictionis a major ingredient of granular materiptre equally im-
of a simple Janssen analysis and in connection with frictiorportant, the contact dynamics method provides a suitable ap-
mobilization at the walls and normal stress ratio inside theproach since the contact forces are determined with no resort
material. We analyze the fluctuations of slip events and theito repulsive elastic potentials or artificial viscous damping.
correlation with structural changes in the packing. Interestfor this reason, the time step used in contact dynamics simu-
ingly, we find a power-law distribution for slip amplitudes lations can be much larger compared to molecular dynamics
over three decades. The value of the exponent is studied assanulations. Let us also remark that in all real experiments
function of system parameters and shown to be quite robustentioned above the stiffness of the particles is by orders of

magnitude larger than that of the driving mechanism so that
Il. SIMULATED SYSTEM the assumption of infinitely rigid particles is a good physical
approximation in this respect.

The setup is represented in Fig. 1. The cell consists of two = We used different values for system parameters, as will be
fixed vertical(parallel to they axis) straight lines separated specified below. Most of the results presented below corre-
by a distancé- and playing the role of walls and a horizontal spond to the following default valuesig(wall-disk)=0.5,
s’gralght line that can move vertlc_:ally _and plays the role of 8y (wall-disk)=0.45,  ug(disk-disk=0.18,  u4(disk-disK
piston. The latter is connected via a linear spring of stiffnesgo_L k=5x10° N/m, v=1 um/s. The coefficient of fric-

k to a translational stage moving at a constant upward veloGijon petween the particles and the piston is zero. We simu-
ity v. The cell is filled with particles up to a height. The |5ted systems with up to 400 particles, but most of simula-
particles are disks with a uniform distribution of their diam- tjons were performed with a collection of 200 particles with
eters betweerD,,=0.75 mm andDpq,=1 mm. The par-  4n aspect ratie=H/L=1.3 so that. =~ 12D, whereD is the
ticles, the walls and the piston are assumed to be infinitelyhean particle diameter. Hence our system represents rather a
rigid so that the pushing spring is the only part of the systenarrow pipe. The computation time with a significantly larger

that can store elastic energy. We also assume that the COBystem for a long time steady state is prohibitive.
tacts interact through a Coulomb friction law with a static

coefficient of frictionug and a dynamic coefficient of friction

pg With us> uy. The graph relating the friction forcg at a Ill. FLOW REGIMES
contact to the sliding velocityg is shown in Fig. 2. This
graph corresponds to discontinuousvelocity weakening
friction. As long asv=0, the friction forceT can take any When the system is in static equilibrium, the spring force
value in the rangé-usN, usN], whereN is the normal force. F, along the vertical direction is balanced by the sum of the
Its value is not given by the friction law but by the dynamics total weightw of the particles, the weight of the pistam,

A. Intermittent flow
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and the friction forceJ, andTg exerted by the left and right 1.25
walls, respectively:
1.2
Fu=w+w,+T +Tg. (1) 115
By “driving force” we refer to the forcd- defined by 2 11
F= Fk_ Wp. (2) 1.05}
The latter is simply the total force at the bottom of the granu- 1 - - ‘ ‘
lar column. From Eq(l), we see that this force actually (@) 0 02 04 y/D 06 08 1
represents the total friction force exerted by the walls on the
granular column since-w=T, +Tg. Due to upward motion, 1.5
the friction forces acting on the granular column are on av- 14
erage mobilized downward, so th@ +Tg>0, and thus
F/w>1. The evolution of~ with time reveals the nature of 13
the flow. If the system remains at re§t,increases linearly 1.2
with time due to the steady motion of the translational stage 51 n
which shortens the spring. If the system moves faster than )
the translational stage, the spring is unloaded &nde- 1}
creases. 0.9l
One of our basic observations is that a slight difference
betwe_en static and dyr_1amic qoeffici_ents of frictio.n is neces- 0-20 40 60 80 100 120
sary in order to obtain an intermittent flow. Figure¢ag (b) yD
shows one example of the evolutionffas a function of the 1.14
total displacemeny of the translational in units of the aver- ’
age particle diameteD in a case whereus=uy both for 1.12
particle-particle and particle-wall contacts. The fluctuations
correspond to a clear scale separation between a long loading 1 _
phase followed by a short unloading phase, a feature that Z1.08 ] [
characterizes an intermittent flow. But a steady state is
reached where the system moves as a b{odth no particle 1.08
rearrangemenisand the driving force remains constant. 1.04
Figure 3b) shows the evolution oF in a case where a
slight difference between static and dynamic coefficients of 1.02
friction is introduced at the wall-particle contacts and the () 01 02 3}8 0.4 05
particle-particle contacts. We observe a stick-slip motion
with a large variability of slip amplitudeS= Fs—F, defined FIG. 3. Evolution of the driving forc&, normalized by the total

as the difference between the force befd¥g and aftern(F,) weightw of the particles, as a function of cumulative displacement
a slip event. We observe no purely “sticking” phase, they, normalized by the mean particle diamefgr(a) us=pq=0.18 for
force building up nonlinearly with time. This creep motion is Particle-particle contacts anfls=uq=0.45 for particle-wall con-

followed by slip events of various sizes. In the following we tacts; () us=0.18 anduy=0.10 for particle-particle contactgs
focus on this last case wheigegular intermittent flow = 0-50 andug=0.45 for particle-wall contactsr) The case where
occurs. the driving velocityv is above the characteristic velocity.

B. Transition to constant flow t, =

(4)

Since the particle interactions involve rfome, length,
and force scales, the characteristic scales of the system ar. . L .
imposed by external forces and the pushing mechanism. L(lfthe tlmetk_corresponds to the_unloadmg time, |.e.,_the dura-
g andm be the gravity(pointing downwargl and the total ion of a slip event. The timg, is a relaxation time, i.e., the

mass of the systertincluding both the particles and the pis- tm:e _rtlecessgry .Ior a part[clﬁt 'glt'a")ll at zft to rearizh the
ton), respectively. We have two time scales: velocity v under Its own weight. Liearly, iy <ty I.€., when
the pushing velocity is sufficiently low, the particle rear-

12 rangements during unloading will not be influenced by the
t,= (T) (3) pushing velocity. In the opposite case, the particle velocities
k are mainly dictated by the pushing velocity. The transition
between these two regimes occurs tigrty, i.e., for a char-
and acteristic velocityv.. given by
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FIG. 4. The velocity, at transition from intermittent to constant FIG. 5. The simulated driving force normalized by the weight
flow as a function of the stiffneds; of the pushing mechanism. of the particles,F/W, and the estimated valu@exp®-1)/8 as a
function of 8.

1/2
m
Uc= (E) g. (5) lar layer confined between two parallel horizontal sections of

the material and the walls is equilibrated by the pressure

We find that a transition to constant flow indeed occursdrop across the laygassumed to be uniform throughout the
when the driving velocity is larger than a transition veloc- sectior) due to gravity and the friction forces exerted by the
ity v;=v.. In Fig. 3c) is displayed the time series of the walls. This yields the total forcE,, at the bottom of a granu-
driving force F when the driving velocity is increased be- lar column(overcome by the driving force at incipient slip
yond v, defined by Eq(5). Instead of an intermittent flow
[Fig. 3b)] a constant flow is observed. F = eﬁ_—lw (6)

Figure 4 shows thab, decreases ak /2 in agreement "o
with Eq. (5). In the theoretical limit ok=«, v, is zero. There .
is no intermittent flow in this limi{unless a finite stiffness of with
the particles allows the system to store elastic energlye B= 2K e, (7)
transition to constant flow is discontinuous, i.e., the ampli-
tude of slip events does not decrease continuously ag- where u,, is the global(statig coefficient of friction of the
proachew.. This is different from the behavior observed in material with the walls@=H/L is the aspect ratio, anil
Ref.[7] for a powder sheared in an annular cell, but is simi-=ow/ oy is the normal stress ratio defined as the ratio of the
lar to the behavior observed in R¢L5] for avalanches in a normal horizontal stress,; and the normal vertical stress.
long rotating drum. This discontinuity might be related to the The indicator functione is equal to 1 when the material is
discontinuity of the friction force upon sliding at a contact, pushed upwargwall friction pointing downwargland -1 in
i.e., uq(vs=0) # ue. In other words, as long as intermittent downward failure(wall friction pointing upwarg. Equation
flow can take place, the force drap=F.—F, is basically ~ (6) holds for 3#0, but, physically speaking, we havg;,
controlled by the differencgs— uq and not by the difference =W in the casg8=0 (no wall friction) which corresponds to
Vv the limit of the expressiol6) of F,, when 83— 0.

It is worth emphasizing here that the nature of transition In order to evaluate thestatic coefficient of friction
from intermittent to continuous flow in our simulations is Of the material with the walls, we take the average of the
fundamentally different from that in solid body friction. In ratio of the friction force to the normal force at individual
the latter case, the transition is governed by the existence ¢Pntacts with the walls. For most of contacts with the walls,
a characteristic length scaly so that the ratial,/v defines the friction force is not fully mobilized. But, the average
an inertial time[14]. In our setup, there is no length scale ratio of the friction force to the normal force at wall-particle
inherent to contact interactiorithe particle size being irrel- contacts is on average equal to the ratio of the shear stress
evant in the limit considered here sinbév>t,). The char- and the normal stress along the wall, and in this respect
acteristic velocity is entirely dependent oexternalfactors

k, g, andm. 7
6
IV. EVOLUTION OF THE DRIVING FORCE Z 5
A. Mean force é 4
a3
As can be seen in Fig.(B), the driving forceF in our 8”92
simulations fluctuates in the rand&.1w,1.3v]. The mean -
static driving forceF,,=(F¢), where the average is taken over !
all forcesFg just before slip events in the steady state, is Yy -4 3

3
Fn=1.2v. From Egs.(1) and (2), this implies that(T) %010 S

=(T +Tp=0.2w. FIG. 6. Probability distributiorP of force dropsS during slip
The equilibrium of a packing in a vertical pipe can be events. The solid line corresponds to a power BwS™® with
analyzed by means of the Janssen m¢8gl3. Each granu- b=1.7.
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[+ 2]

particles are moving in phase with the piston.

In order to estimate the value of the normal stress igfio
we need the normal horizontal stregs at the bottom where
we measure the normal vertical strags=F,,/L. Since, as
we will see below, is small, the mean wall normal force
varies on average almost linearly along thelirection. In-
deed, from Eq(6), we haveF,=wg/2. As a resulto at
the bottom is simply equal toR,/H, whereF is the total
normal force on a wall. We fin& =0.6. This value oK is
5 almost equal to the limit of a passive Rankine state for which
-7 -3 -2 K=(1-sin¢)/(1+sing), where¢=15° is the internal angle
of friction [23]. This means that, due to left-right symmetry
of the setup, the major principal direction of the stress tensor
is on average verticdi.e., along the pushing directig@nso
that oy and oy correspond to the principal stresses.

For a set of simulations with all the parameters remaining
the same but with different aspect ratios, the driving fdtce
normalized was plotted as a function gftogether with the
estimated value; see Fig. 5. The param¢tavas calculated
using an average value & and u,, for each simulation.
Although the estimated values seem to be slightly below the
theoretical prediction of the Janssen moghls can be due
0 L to our evaluation oK from the simulations we see that they

-7 -6 -5 -4 -3 -2 compare quite well on average although we deal here with a
(b) log,, S(N) rather narrow pipe where the fluctuations and heterogeneities
could be expected to mask the mean behavior.

log,, P(S) (1/N)

N W A

log,, P(S) (1/N)

=y

FIG. 7. Probability distributiorP of force dropsS during slip
events for two sampling rates of the time series used in Figa)6;
10 times slower(b) 50 times slower. The solid lines correspond to
to a power lawP > S™®, whereb=1.7. The probability distributiorP of force dropsS during slip

events is shown in Fig. 6. We observe a nice power law
represents correctly a macroscopic coefficient of friction. WeP(S) = S™ with b=1.7 over nearly three decades. This dis-
find that u,, varies between 0.030 and 0.095 in our simula-tribution is extracted from more than @8lip events. The
tions. This is much smaller than the particle-wall static coef-distribution shows no cutoff for very large slips. The sam-
ficient of friction 0.5 and also smaller than the particle- pling rate influences mainly the statistics in the range of
particle static coefficient of friction 0.18. The reason for suchsmall events.
low values is rolling at the walls and the fact that not all the Figure 7 shows the distributioR(S) for the same time

B. Distribution of force drops

2 > 2 2
19 19 19 1.9
1.8 . 1.8 1.8 1.8
I . ° a . . ) . . . o
17 . . 17 . 1.7 y 1.7
1.6 . 1.6 1.6 1)
5 1.5 5 1.5
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(a N (b) /m) V (mfs) w107 (@ Ha=Hy
1.9
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1 '50 0.2
(e) Hs=Hy

FIG. 8. The exponert of the power-law distribution of event sizes as a function of the number of parhiclas the spring stiffnes&

(b), the driving velocityv (c), and the differencews— 1y between static and dynamic coefficients of friction for the disk-wall frictidyn and
the differenceus— ny between static and dynamic coefficients of friction for the disk-disk frictgn
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FIG. 11. A map of the positions of sliding contacts for a slip
event.

(@)

FIG. 9. (a) Displacements of particle centers with respect to the
pushing piston during éarge slip; (b) Variation of contact forces

during the slip for reloaded contaatslack) and unloaded contacts The dynamic mobilization of friction at the walls and in
(gray). The stippled lines are broken contacts.

the bulk reflects both the direction of the imposed motion of

) ] _ the piston and the correlated motions of the particles inside
series re-sampled at two different rates. For lower samplingne cell. As a result, while the granular packing remains glo-
rates, we get both fewer number of large eveatsa broader bally in a passive statéF>w), the friction force evolves
scatter of the dajaand fewer number of small events, but the according to the dynamics of thesmllective rearrange-
value ofb (in the range where the power law is well defined ants.

remains se_nsibly close to 1.7. We further st_ud?ed .the influ_— Figure 9a) displays the displacements of particle centers
ence of various system parameters on the dl'strlbutlon of sligith respect to the piston during a large slip. The particles
sizes. In all cases we found a power law with an exponent,,ve downward with respect to the piston and converge to
always close to 1.7. In Figs.(8-8(d) the exponent is  he |ower left corner of the sample. The particle displace-
plotted as a function of the number of partichis (a), the  ents during a slip event can be as large asD.8brre-
spring stiffness (b), the driving velocityv (c), and the dif-  gqnding to 12 times the displacement of the piston during
ference us—uq between static and dynamic coefficients of (he same event. The rearrangements are unstable and dissi-
friction (d). We note that each point corresponds to a separatﬁate’ in a very short time interval, the potential energy accu-

simulation. o _ mulated prior to the slip event. The energy dissipated due to
The power-law distribution of force drops with an expo- jne|astic collisions is often of the same order of magnitude as

nentb<2 (as in earthquake events along fapltaplies that  he energy dissipated at sliding contacts by friction forces! In

the mean value of large slip events is not defined. The exposig gp) is shown the corresponding variation of the force

nent is in the range suggested by the experiments of Kblb anvork by distinguishing reloade@orce increaspand un-

al. [5] (with a lower statistical precision in those experi- |oaded(force decreagecontacts. The stippled lines are bro-

ments. Let us also mention here the numerical simulationsyen contacts. We see that the slip event involves indeed a
of Combe and Rouk24], where samples of two-dimensional (o rganization of contact forces, concentrated in this ex-

frictionless particles were loaded biaxially. Under slowly in- ample mostly at the lower left comer, and the contact net-

creasing axial stress, they found a power-law distributionyory jtself. The forces vary here in the range from 0.01 to
de~146for large axial strain increments corresponding to Par-) 4 times the force drof.

ticle rearrangements between two successive equilibrium  aq 5 result of the higher value of the coefficient of static

states of the sample. Like in those experiments, due 10 thgjction at the walls with respect to the particle-particle con-
absence of a mean, the force-displacement relationship in Okcts, most of particles roll on the walls. At those wall con-

simulations may be described as a Lévy process. tacts the friction force is only partially mobilized. Figures

V. STRUCTURAL EVOLUTION

- 10(a) and 1@b) display the particle rotations and the dis-
o T A ,/',j-:; Y A placements of their centers during a small slip evevith

_ - N O

o TTTT,.’,
T L 0.095

< L Lt 0.77
o T LI
~ L 0.094
~ L R, 0.765
o r ! ' < 0.003
o 1 . . S LT e L e e e
( )' (b) A ST 0.76) 0.002
a

0.755 0.091
FIG. 10. Particle rotationgeft) and the displacements of their gy °°'7 05178 0518 9185 0519 05195 =\ " 02726 02728 0278 02732 02734
centergright) with respect to the pushing piston duringmall slip
event. FIG. 12. The trajectories of two selected particles in the cell.
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1.2 force drop is more pronounced. Considering only these large
Bl ey events, we see that most of slip eve(itsrce drop$ corre-
* : i spond to a decrease of the solid fraction. However, it hap-
1 : : pens occasionally that the solid fraction increases during a
. slip event. We have marked on the figure two such large slip
2x10 events where the solid fraction increases for the first one and
s 4 /V/"/W decreases for the second.
< :
-2 s : VI. CONCLUSION
FIG. 13. A portion of a times series for the driving forggup) In this paper, we studied the slow steady-state flow of a
and the relative deviationsp/p of the solid fraction(down). granular column inside a narrow pipe. The finite stiffness of

the pushing mechanism entails a strongly irregular intermit-

respect to the pistonWe see that the largest rotations indeedtent flow when the contacts are governed by a velocity weak-
take place at the walls and a convective motion of the parening friction law. We found the followingi) A transition to
ticles occurs in the bulk. This corresponds to what sometimegonstant flow occurs for a driving velocity=(m/k)*/g in-
is called a “rough wall” condition, implying that the strains volving no internal length and times scalé¢8) The mean
occur basically in the bulk of the materig#3]. In the same static driving force is correctly predicted by the Janssen
way, sliding contacts occur mainly in the bulk as shown inmodel in spite of the small size of our systents;) The
Fig. 11 where the positions of sliding contacts have beedlistribution of force drops during slip events falls off as a
shown. power law over three decades with an exponent which does
The convection patterns change continuously, but theinot seem to depend strongly on system parametiensThe
average effect is to inducediffusivemotion of the particles slip events are preceded by creep motion leading most of
as shown in Fig. 12 for two single particles in the medium.time to a small increase of the solid fraction, whereas slip
The cumulative effect of slip events gives rise to large diffu-events generally involve a dilation of the material.
sive displacements of the particles remixing the particles The origin of the broad distribution of event sizes remains
along the granular column. The erratic motions of the paran open question. Clearly, the upward motion of the transla-
ticles for much larger systems with homogeneous boundartional stage tends to destabilize gravity-induced arches in the
conditions have been shown to be superdiffu@. system, whereas friction mobilization at the walls resists mo-
The variations of the solid fraction during slip events aretion. This competition between the mobilization of friction at
of the order ofAp/p=107°. They can be positivecompac- the walls and gravity-induced arching, which act in opposite
tion) or negative(dilation). Since the solid fraction remains directions, is likely to be at the origin of large slip events.
on average constant in the steady stateund 0.8} several The system size is such that the walls can considerably en-
successive dilatant events are usually followed by a contradiance the fluctuations. Although the focus of this paper was
tant event. Figure 13 shows a portion of a times serie§for basically on a narrow pipe, it is interesting to evaluate the
andAp/p. The behavior of the solid fraction is clearly cor- influence of the walls for larger systems. However, from a
related with the force variations. Among hundreds of slipstrictly numerical point of view, such an extension of this
events occurring during the time interval shown in this fig-work requires many more particles and more involved com-
ure, we can discern several rather large events where thgutations for a correctly represented steady state.
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